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ON UPSCALING HEAT CONDUCTIVITY FOR A CLASS OF
INDUSTRIAL PROBLEMS
O. ILIEV, I. RYBAK, AND J. WILLEMS
Abstract. Calculating effective heat conductivity for a class of industrial prob-
lems is discussed. The considered composite materials are glass and metal foams,
fibrous materials, and the like, used in isolation or in advanced heat exchangers.
These materials are characterized by a very complex internal structure, by low
volume fraction of the higher conductive material (glass or metal), and by a large
volume fraction of the air. The homogenization theory (when applicable), allows
to calculate the effective heat conductivity of composite media by postprocessing
the solution of special cell problems for representative elementary volumes (REV).
Different formulations of such cell problems are considered and compared here.
Furthermore, the size of the REV is studied numerically for some typical materi-
als. Fast algorithms for solving the cell problems for this class of problems, are
presented and discussed.
Keywords: Multiscale problems, effective heat conductivity, numerical upscal-
ing, domain decomposition.
1. Introduction
1.1. Motivation and goals. The effective heat conductivity of composite materials
need to be calculated for a big number of industrial and environmental applications.
Here we concentrate on foam, fibrous and the like materials, which are widely used in
isolation or in advanced heat exchangers. These materials are characterized by a very
complex internal structure, by low volume fraction of the higher conductive material
(glass or metal), and by a large volume fraction of the air. The homogenization
theory [JKO94, Hor97], when applicable, provides a clear algorithm for calculating
the effective heat conductivity as a postprocessing of the solution of cell problems
for representative elementary volumes. This theory has rigorous background when
the REV is periodic, or statistically homogeneous. There are examples of applying
this theory also beyond the proved area of applicability. In such a case, one has to
take care numerically, or in another way, to justify the usage of this homogenization
approach. In fact, different sets of boundary conditions can be used in conjunction
with the cell problems (see, e.g., [WEH02] and literature therein).
It should be mentioned that in the engineering literature there exist a number of
formulae, which relate the effective heat conductivity to the volume fraction of the
different components of a composite material. More advanced formulae incorporate
also information about the shape of the inclusions. The last approach works rea-
sonably well when the shapes of the inclusions are more or less conventional, e.g.
spheres, cylinders, cubes, etc. Such formulae are very useful in the case when they
are applicable, but they give a very rough approximation in the case of complicated
microstructure (complicated connectivity of the higher conductive material) and/or
in the case of complicated shape of the inclusions.
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There exist a huge literature on analytical and numerical approaches for calcu-
lating effective heat conductivity for composite materials, [JKO94, WEH02, Tor02,
WZ06] to mention just a few. The current paper aims at contributing to certain
aspects of the numerical upscaling, which are still not so well studied. In particular,
the aims of the current study are:
• To compare the results obtained with different formulations for the cell problem. In
this case we study the four formulations described in [WEH02], namely, i) periodic
boundary conditions; ii) linear boundary conditions; iii) linear in the direction of
the gradient and zero Neumann in normal direction; iv) linear at x=0 and x=1,
combined with oscillatory boundary conditions along other faces.
• To get certain understanding how restrictive is the periodicity assumption, and
to study applicability of the different cell problem formulations for non-periodic ge-
ometries. It is proven in [WEH02] that the most of the above formulations give
equivalent results in the periodic case, our aim is to numerically study how they
behave in certain non-periodic cases. One approach to study this, is to consider
a big volume, and to solve a boundary volume problem there. In this paper, big
geometries with linear boundary conditions are solved as example. Furthermore, the
big domain is subdivided into subdomains, which still can be considered as REV.
If the subdomains are REVs, the effective heat conductivity tensors, calculated for
each of the subdomains, can be used to solve the problem in the whole domain. Cal-
culating in four different ways the effective conductivity tensor in each subdomain,
one can monitor which one of the four different formulations provide tensors which
give better results when the solution in the whole domain is sought.
• To study numerically the size of the REV for considered classes of problems.
There exist data in the literature what should be the size of the REV, e.g. in the
case of spherical inclusions. The target here is to numerically study the size of
the REV for foam and fibrous geometries under consideration. More precisely, the
target is to check the definition for a REV in conjunction with used geometry. To
do this, a big geometry will be consecutively reduced to smaller ones by cutting
small volumes from each side. It is expected that as long at the cutted volumes
remain REVs, they will have one and the same effective heat conductivity tensor.
As long as the variation in the tensor will be observed, the, the limit for the size
of the REV will be determined. It should be noted that the size of REV depends
on many parameters, e.g., the shape and the distribution of the fibers shapes in the
considered geometry, the way in which fibers touch/overlap, the length of the fibers,
etc. Some representative geometries will be studied here.
• To discuss the advanced approach for fast solving the above mentioned cell prob-
lems. In particular, different variants of domain decomposition and multilevel iter-
ative methods are discussed. Asymptotical approaches, using as a small parameter
the ratio of the heat conductivities of the different materials, will be also discussed.
Results from numerical simulations will be presented to illustrate the drawn conclu-
sions.
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1.2. Efficient approaches for solving multiscale elliptic problems- short
survey. Let us shortly discuss the approaches for solving
Ax = b,
when this system is result of discretization of a scalar elliptic equation with dis-
continuous scalar or tensor coefficients. The following approaches will be shortly
discussed below:
- DD preconditioner with convergence rate which does not depend on the jump of
coefficients in the case when the DD resolves the jumps [Nep].
- DD preconditioner which does not depend on the jump of coefficients in the case
when the DD does not resolve the jumps [Vas04].
- Algebraic multigrid, AMG
- Full multigrid, FMG and subspace solution
I. DD preconditioner which does not depend on the jump of coefficients in the
case when the DD resolves the jumps (Nepomnyashchih, 1992).
The idea of this nonoverlapping DD approach is to introduce Lagrange multipliers
on the interfaces. The matrix of the discretized system in this case is written as
A =
Aaa 0 Aal0 Amm Aml
Ala Alm All
 ,
Here the indeces a,m,l stand for air, metal, Lagrange, respectively. The Lagrange
multipliers have meaning of temperature on the interface. In the case of voxel
geometry and finite volume representation, there is a simple choice of xl. According
to Mishev, Herbin suggested in 2002 the following:
xl = (kixi+1 + ki+1xi)/(ki = ki+1).
In fact, this is the same value used by Samarskii, and later by Wesseling in deriving
finite volume discretization with harmonic averaging of coefficients.
So, in this case the algorithm looks simple. Aaa and Amm are discretized Laplace
operators with constant coefficients, what may explain why the convergence of the
DD preconditioned conjugate gradients does not depend on the jumps. Furthermore,
the blocks Aaa and Amm need not be inverted at each iteration, in many cases they
can be preconditioned by cheap operators.
II. DD preconditioner which does not depend on the jump of coefficients in the
case when the DD does not resolve the jumps (Yu.Vassilevski, 2000).
For details, see, for example, Yu.Vassilevski, Hybrid DD method based on aggre-
gation, NLAA, 2000. The author uses additive Schwarz with minimal overlapping
as a smoother, and Galerkin coarse grid operator. However, he has specific coarse
grid correction. He uses more reach coarse space. We use one coarse node per a
subdomain. His coarse nodes, in addition to this, include all fine nodes which are the
part of the overlapping. With our grid and discretization, this means that the coarse
grid will contain all near interface fine nodes, plus one coarse node per subdomain.
For the coarse nodes which are responsible for a subdomain, he uses agglomeration
which should be like Aiie, i.e., piecewise constant prolongation and volume averaging
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restriction The method is well described and can be easily implemented. The above
two level DD method, is used as a preconditioner for Krylov subspace iterations.
To solve the coarse scale operator, he uses RAMG15. Independence of the conver-
gence rate from the variation of coefficients is proven for continuous coefficients of
the PDE, the numerical experiments from the article show also result for the case
of discontinuous coefficients.
III. AMG
The SAMG method of Stueben, as well as AMG from Hypre should be robust
for our problems. On the other hand, they are general purpose solvers, and like the
hierarchical matrices, may require a lot of memory, and the computational time is
not optimized exactly for this class of problems.
IV. MG
When efficient calculation of heat conductivity for foam and fibrous materials is
a target, it can be achieved in the following way. One can develop special method
for the case when the foam or the fibers have much higher conductivity, compare to
the air(what is usually the case for glass and metal). In this case, one can use the
following two-grid method. Gauss-Seidel or Jacobi is a smoother on the fine scale,
and can be implemented also in matrix-free way. The coarse space consists from
all the unknowns which are in the foam (fibers), plus a layer of air around them.
It should be very easy to extract this information from Geodict files. The coarse
problem should be about 10 times smaller (for the benchmark foam - even smaller).
To solve at the coarse scale, one can use AMG, or PCG with MILU - should work
very well, because there are a lot of Dirichlet b.c.
In this paper, an algorithm which uses as a coarse space only the unknowns in
the foam (without a surrounding layer of air), is considered. In this case the con-
dition number of the coarse system should be the same as for Poisson equation (if
one considers only one type of fibers). Linear temperature is considered in the sur-
rounding air, and it is used as Dirichlet boundary condition for the equation written
for the foam (or fibres) only. Another variant is to use zero Neumann boundary
conditions on the lateral side of fibers. A further improvement of the algorithm can
be achieved in the case of fibrous materials, if one uses the information about the
exact microstructure (i.e. location and size of cylinders forming the fibrous media).
This approach is a subject of a forthcoming paper.
1.3. Structure of the paper. The paper is organized as follows. The boundary
value problem for heat equation with rapidly varying at microscale coefficients, as
well as the four different cell problem formulations, are presented in the next section.
The third section contains results from numerical experiments, and it has several
subsections. First subsection presents results from calculating effective heat conduc-
tivity for a periodic foam geometry and for a periodic fiber geometry, each of them
considered as having glass or metal as highly conductive material. The emphasize
is on the comparison of the different approaches. The second subsection contains
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similar results, but when fibrous non-periodic geometry is used. The third subsec-
tion shows results obtained by essentially solving only in the subspace of the highly
conductive material. Glass and metal are considered here for periodic and non-
periodic geometries. The fourth subsection discussed the size of the REV. Effective
conductivity tensors, calculated in the full and in reduced domains, are presented
and discussed. The fifth subsection contains results based on using conductivity
tensors, obtained from solving cell problems in subdomains. Different formulations
for the subdomain cell problems are considered, comparison with solution obtained
in the full domain are presented. The last section is devoted to the conclusions.
2. Upscaling
2.1. Statement of the problem. In this paper, we consider steady state heat
transfer in highly heterogeneous porous media. Such process is described by elliptic
equation for the unknown temperature T
(1) −∇ · (K∇T ) = f, in Ω,
subject to the following boundary conditions
(2) T = gD, on ΓD, K∇T · n = gN , on ΓN , ∂Ω = ΓD ∪ ΓN .
Here the domain Ω is a parallelepiped with boundaries parallel to the coordinate
planes, the set ΓD is non-empty and had positive surface measure, the heat conduc-
tivity tensor is symmetric and uniformly positive definite in Ω. The entries of the
heat conductivity tensor K may have jump discontinuities along certain interfaces
that are parallel to the coordinate planes and along these interfaces the following
conditions are satisfied
[T ] = 0, [K∇T · n] = 0,
where [ξ] = ξ(xint + 0)− ξ(xint − 0) for the interface xint.
In a number of industrial applications it is reasonable to find the effective property
of the medium, i.e., instead of K given in every point, find K˜ constant tensor in each
grid block (K˜ depends only on heterogeneities and calculated once may be used in
different computational scenarios). In this case instead of equation (1) we will have
the coarse scale heat conductivity equation
(3) −∇ · (K˜∇T ) = f.
Homogenization procedures presented here allow the coarse scale equation to be of
the same form as equation (1), but with the heat conductivity K replaced by the
coarse scale or effective heat conductivity tensor K˜.
Figure 1. Fine and coarse grids
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Different definitions of K˜ have been proposed [CDGW03, WEH02]. Solutions of
the local flow problems in each coarse grid block are postprocessed in order to upscale
the heat conductivity tensor. The main differences among various formulations
are the boundary conditions imposed on the local flow equation and the averaging
processes for computing K˜.
2.2. Four different cell problem formulations. Consider a cubic grid block V .
Following [CDGW03], to define K˜ in V we write the coarse scale ”Darcy’s law”
(4) 〈W〉V = −K˜ 〈∇T 〉V ,
where T and W are fine scale solutions of the problem W = −K · ∇T, ∇ ·W = 0
in the grid block V with appropriate boundary conditions. Note that the source
term is set to zero because effective properties should be independent on the source
term f and of the boundary conditions posed on the boundary ∂Ω of the domain of







In three-dimensional case, three fine scale flow solutions are necessary in order to
determine K˜ from (4) in each grid block
(5) Wi = −K · ∇Ti, ∇ ·Wi = 0, i = 1, 3, in V,
provided that the volume averages of the temperature gradients are linearly inde-
pendent. The subscript of W and ∇T designates the flow problem (1 corresponds
to flow in x direction, 2 to flow in y, and 3 to flow in z).
The solutions of the local flow problems (5) with appropriate boundary conditions
are then postprocessed in order to upscale the heat conductivity tensor
(6) 〈Wi〉V = −K˜ 〈∇Ti〉V , i = 1, 3.
A number of local flow boundary conditions are used in practice. Further, the
following notations will be used
x1 = x, x2 = y, x3 = z, x
in
i = 0, x
out
i = 1.
Periodic conditions can be formulated as
(7) Ti = xi + ε, periodic on V.
Linear temperature drop conditions are the following
(8) Ti = xi, on ∂V.
Temperature drop no-flow conditions are given by
(9) Ti = xi, on ∂Γi, n ·Wi = 0, on ∂Γj, i 6= j,
where Γi are the faces of ∂V normal to the unit vector in the ith direction.
Oscillatory boundary conditions are defined in the following way
(10) Ti = xi, on ∂Γi, Ti = P (xi), on ∂Γj, i 6= j.
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To build the interpolation operator P , the following two-stage algorithm is used.
First, we solve 4 one-dimensional problems on the edges perpendicular to the bound-
ary ∂Γi in order to develop problem dependent interpolation of the values x
in
i and









= 0, in ∂Γj ∩ ∂Γk, j, k 6= i,
(12) T edgei (x
in






i ) = x
out
i , in ∂Γi ∩ ∂Γj ∩ ∂Γk.
We discretize problem (11), (12) by means of the finite volume method (harmonic
average scheme with 3-point stencil), and solve the discrete problem directly using
Thomas algorithm. The solutions of one-dimensional problems (11), (12) give us
fine grid pressure values T edgei along 4 edges of the considered local subdomain.


















= 0, in ∂Γj, j 6= i,
(14) Ti = T
edge
i , on∂Γj ∩ ∂Γk.
Solutions of the local problems (11), (12) are used as Dirichlet boundary conditions
(14) for the boundary value problem (13). We discretize and solve on a fine grid
problem (13), (14). The discretization is based on the finite volume approach (har-
monic average scheme with 5-point stencil). By solving two-dimensional problems
(13), (14), we obtain fine grid pressure on ∂Γj, j 6= i of the local subdomain under
consideration.
2.3. Approaches for calculating the effective heat conductivity. Upscaled
permeability tensor K˜ computed via equations (6) will not in general be symmetric.
Various procedures can be applied to enforce symmetry. The simplest approach is
to set each of the cross terms equal to (k˜xy + k˜yx)/2, (k˜xz + k˜zx)/2, (k˜yz + k˜zy)/2.
The second disadvantage is that the mentioned above approach doesn’t guarantee
the positive definiteness of the upscaled permeability tensor K˜.
It was shown in [WEH02] that for periodic (7) and linear (8) boundary conditions
formula (6) can be simplified as
(15) K˜ei = 〈Wi〉V .
Another nice property of (7) and (8) is that they lead to symmetric and positive
definite K˜. In this case we have another way to compute K˜:
(16) ei · K˜ej = 〈∇pi ·K∇pj〉V ,
where ei is the unit vector in the ith direction. Hence, K˜ is symmetric and pos-
itive definite. In fact, it gives symmetry up to the round off error in numerical
computations.
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2.4. Solving local flow problem in the subspace of the highly conductive
material. In the case the porous media consists of two materials of high and low
conductivity, for example, air/glass or air/metal, we solve equations (5) only in the
solid volume fraction (the domain is arbitrary). For such problem two types of
boundary conditions are possible
• Dirichlet from linear approach;
• Neumann isolation.
In the first case we suppose that the temperature in the air is linear (Ti = xi) and
use these values as boundary conditions for the solid subdomain. In the second case
we simply pose isolation boundary conditions, i.e., fluxes on the boundary of the
solid volume fraction are equal to zero.
3. Numerical experiments
In this section we present results from numerical experiments for periodic and
non-periodic porous media. Different approaches for calculating effective heat con-
ductivity are considered.
3.1. Effective heat conductivity for periodic foam and fiber geometry (file:
foamA100.leS). Consider a periodic foam geometry (Fig. 2) and a periodic fiber
geometry (Fig. 3), each of them has metal (contrast 1:1000) or glass (contrast 1:50)
as highly conductive material.
Figure 2. Foam Figure 3. Fiber
To simplify understanding some notations will be used. To define local flow
boundary conditions the following stencil is considered < T in−−T out, BC >. Here
T in, T out are temperature values at xini , x
out
i , i = 1, 3, < BC > is the type of normal
local flow boundary conditions, i.e., < lin. > means linear temperature drop bound-
ary conditions (8), < N. > – temperature drop no-flow conditions given by formula
(9), < osc. > – oscillatory conditions (10) and finally < periodic > – periodic
conditions (7).
Time is given in seconds and this is the full time necessary to find the effective
heat conductivity tensor.
EHC stands for MILU preconditioned conjugate gradient solver (details are avail-
able, e.g., in [IS00], G stands for the explicit jump FFT solver integrated in the
GeoDict software environment (see www.geodict.com for details).
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3.1.1. Periodic foam geometry. File: foamA100.leS.
Consider a periodic foam geometry with metal and glass as highly conductive
materials (Fig. 2). Here we have 8.7 % solid volume fraction. A comparison of
different approaches for calculating effective heat conductivity is given in Tab. 1, 2.
Note that we solve local flow problems in the whole domain. The results for solving
local problems in the space of the highly conductive material only will be given in
the next section.
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 92 4.34e+01 8.72e-02 -2.05e-01 8.41e-02 4.34e+01 1.83e-01 -2.05e-01 1.83e-01 4.47e+01
0–1, osc. 104 4.24e+01 9.88e-02 -3.56e-01 -9.30e-02 4.27e+01 6.76e-02 -4.68e-01 2.27e-01 4.37e+01
0–1, N 165 4.04e+01 9.63e-01 -5.45e-01 9.63e-01 3.94e+01 2.67e-01 -2.35e-01 -1.76e-01 4.16e+01
periodic G 4.28e+01 1.92e-03 -1.58e-01 1.55e-03 4.28e+01 1.55e-01 -1.58e-01 1.55e-01 4.40e+01
Table 1. EHC, periodic foam (A100.leS), contrast 1:1000 (8.7 % of
solid), whole domain
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 22 3.15e+00 4.01e-03 -8.95e-03 3.87e-03 3.15e+00 7.81e-03 -8.92e-03 7.75e-03 3.21e+00
0–1, osc. 22 3.11e+00 7.15e-03 -1.39e-02 -5.64e-05 3.11e+00 4.12e-03 -1.71e-02 9.52e-03 3.17e+00
0–1, N 42 3.03e+00 3.67e-02 -2.24e-02 3.80e-02 3.01e+00 1.20e-02 -1.01e-02 -5.35e-03 3.09e+00
periodic G 3.12e+00 2.14e-04 -7.05e-03 2.15e-04 3.12e+00 6.93e-03 -7.05e-03 6.92e-03 3.18e+00
Table 2. EHC, periodic foam (A100.leS), contrast 1:50 (8.7 % of
solid), whole domain
Remark. In the case of periodic porous media all boundary conditions mentioned
above allow to calculate one and the same upscaled permeability tensor.
Remark. Oscillatory boundary conditions give the closest results to the periodic ones
(the latter are used in GeoDict).
File: balls211neu cube y15z20 steg000 n100 inv.leS.
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 153 6.79e+01 -2.75e-01 -3.57e-01 -1.20e-01 8.75e+01 -7.55e-01 -5.68e-02 -6.14e-01 9.73e+01
0–1, N D 6.58e+01 -2.51e-01 -1.89e-02 -2.55e-01 8.50e+01 -5.81e-01 4.37e-03 -5.64e-01 9.47e+01
periodic G 6.70e+01 -8.34e-02 -2.14e-02 -8.34e-02 8.66e+01 -4.18e-01 -2.14e-02 -4.18e-01 9.65e+01
Table 3. EHC, periodic foam (balls211neu cube y15z20 steg000 n100 inv.leS),
contrast 1:1000 (x % of solid), whole domain
3.1.2. Periodic fiber geometry. Here the following geometry files are used: fibers 100 10.leS,
fibers 100 25.leS.
Consider periodic fiber geometry with 10 % of solid volume fraction (Fig. 3) and
25 % of solid volume fraction with metal and glass as highly conductive materials.
Comparison of different approaches for calculating effective heat conductivity is
given in Tab. 4, 5 for 10 % SVF and in Tab. 6, 7 for 25 % SVF accordingly. The
calculations are performed in the whole domain. Besides the periodicity it is crucial
to know, that the fibers in both geometries are non-touching. This leads
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to difficulties calculating the effective thermal conductivity (if it exists) as one can
observe from comparing the homogenized tensor obtained with different boundary
conditions.
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 102 9.74e+00 7.45e-01 2.62e-01 7.59e-01 1.83e+01 7.73e-02 2.58e-01 5.81e-02 6.74e+00
0–1, osc. 96 4.17e+00 3.99e-01 2.97e-01 1.32e-01 9.96e+00 1.96e-01 2.77e-01 3.66e-01 1.70e+00
0–1, N 151 2.44e+00 -1.64e-01 -1.69e-03 1.33e-01 7.44e+00 -2.47e-04 3.69e-02 5.22e-02 1.31e+00
periodic G 2.79e+00 1.13e-02 7.27e-02 8.48e-03 5.98e-02 6.27e+00 7.86e-02 4.09e-02 1.34e+00
Table 4. EHC, periodic fiber (fibers 100 10.leS), contrast 1:1000
(9.9 % of solid), whole domain
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 24 1.99e+00 -3.02e-02 9.44e-03 -2.94e-02 3.22e+00 2.37e-02 9.65e-03 2.31e-02 1.52e+00
0–1, osc. 23 1.75e+00 -1.79e-02 8.79e-03 -4.33e-02 2.89e+00 3.04e-02 1.54e-02 4.18e-02 1.28e+00
0–1, N 39 1.67e+00 -1.17e-02 -4.52e-04 -2.64e-03 2.80e+00 1.84e-02 4.52e-03 2.22e-02 1.27e+00
periodic G 1.73e+00 -1.64e-02 1.23e-02 1.64e-02 2.83e+00 2.38e-02 1.22e-02 2.41e-02 1.27e+00
Table 5. EHC, periodic fiber (fibers 100 10.leS), contrast 1:50 (9.9 %
of solid), whole domain
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 102 3.11e+01 1.33e+00 -3.01e-01 1.36e+00 5.83e+01 9.78e-01 -3.19e-01 9.20e-01 1.67e+01
0–1, osc. 100 1.65e+01 5.56e-01 -5.91e-02 5.31e-01 4.11e+01 1.19e+00 -6.78e-01 1.09e+00 4.83e+00
0–1, N 171 9.78e+00 9.75e-01 -1.38e-01 1.57e+00 3.30e+01 7.45e-01 -1.44e-01 4.72e-01 2.91e+00
periodic G 1.08e+01 3.09e-01 -1.66e-01 2.92e-01 2.69e+01 5.14e-01 -1.64e-01 4.95e-01 3.32e+00
Table 6. EHC, periodic fiber (fibers 100 25.leS), contrast 1:1000
(24.8 % of solid), whole domain
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 21 3.86e+00 8.67e-02 -1.96e-02 8.82e-02 7.09e+00 5.24e-02 -1.94e-02 5.10e-02 2.53e+00
0–1, osc. 23 3.29e+00 6.57e-02 -5.68e-03 1.02e-01 6.46e+00 6.59e-02 -4.35e-02 5.50e-02 1.99e+00
0–1, N 42 3.17e+00 8.19e-02 -1.84e-02 1.09e-01 6.30e+00 6.08e-02 -2.26e-02 3.97e-02 1.96e+00
periodic G 3.22e+00 1.23e-01 -2.12e-02 1.23e-01 6.16e+00 4.43e-02 -2.13e-02 4.42e-02 1.96e+02
Table 7. EHC, periodic fiber (fibers 100 25.leS), contrast 1:50
(24.8 % of solid), whole domain
Remark. Oscillatory boundary conditions and Neumann boundary conditions give
closest results to the periodic boundary conditions (i.e., to Geodict).
3.2. Fibrous non-periodic geometries. In this section we consider fibrous non-
periodic geometries. A comparison of different approaches for calculating effective
heat conductivity is given.
EFFECTIVE HEAT CONDUCTIVITY 11
3.2.1. Two non-periodic fiber geometries with 10% SVP. Now, we consider two non-
periodic fibrous geometries with solid volume fractions of 10%. (Fig. 4). The essen-
tial difference between these two geometries is the thickness of the fibers, i.e. the
fibers of 070126Fiber10SVP.leS are much thicker than those of 070806fibers 100 10 fine.leS.
Results for different high conductive materials (metal, glass) are given in Tab. 8, 9
and Tab. 10, 11.
(a) Fiber geometry with thicker fibers
(file: 070126Fiber10SVP.leS).
(b) Fiber geometry with thinner fibers
(file: 070806fibers 100 10 fine.leS).
Figure 4. Two different fiber geometries with 10% SVP.
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 83 2.83e+01 -3.10e+00 2.59e+00 -3.10e+00 2.87e+01 -6.03e-01 2.60e+00 -5.98e-01 2.86e+01
0–1, osc. 86 2.62e+01 -2.99e+00 2.96e+00 -3.21e+00 2.60e+01 -1.61e+00 2.69e+00 -4.58e-01 2.58e+01
0–1, N 129 2.07e+01 -2.65e+00 3.03e+00 -2.68e+00 2.10e+01 2.49e-03 1.58e+00 9.73e-01 2.09e+01
periodic G 1.29e+01 -1.02e+00 -1.40e-01 -1.02e+00 1.48e+01 -4.50e-01 -1.40e-01 -4.50e-01 1.21e+01
Table 8. EHC, non-periodic fiber (070126Fiber10SVP.leS), contrast
1:1000, whole domain
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 20 2.48e+00 -1.44e-01 1.21e-01 -1.44e-01 2.50e+00 -2.89e-02 1.21e-01 -2.87e-02 2.49e+00
0–1, osc. 20 2.38e+00 -1.46e-01 1.40e-01 -1.49e-01 2.39e+00 -6.99e-02 1.25e-01 -3.65e-02 2.38e+00
0–1, N 34 2.29e+00 -1.33e-01 1.31e-01 -1.29e-01 2.29e+00 -2.13e-02 1.16e-01 -7.91e-03 2.28e+00
Table 9. EHC, non-periodic fiber (070126Fiber10SVP.leS), contrast
1:50, whole domain
3.2.2. Two non-periodic fiber geometries with 25% SVP. Now, we consider two non-
periodic fibrous geometries with solid volume fractions of 25% (Fig. 5). The results
for different high conductive materials (metal, glass) are given in Tab. 12, 13 and
Tab. 14, 15, respectively. Local problems are solved in the whole domain. As
above, the essential difference between the two geometries is the thickness of the
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BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 117 2.70e+01 -1.40e+00 2.52e+00 -1.38e+00 2.81e+01 -3.70e+00 2.54e+00 -3.74e+00 3.03e+01
0-1, osc. 118 2.44e+01 6.48e+00 1.39e+01 -4.57e+00 2.56e+01 -5.17e+00 4.17e+00 -3.35e+00 2.74e+01
0-1, N 205 1.87e+01 5.96e-01 7.68e+00 -8.29e+00 2.13e+01 -8.31e+00 5.37e+00 -4.29e+00 2.24e+01
Table 10. EHC, non-periodic fiber (070807fibers 100 10 fine.leS),
contrast 1:1000, whole domain (results obtained with accuracy 1e-3
on sculptor, node quad02)
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 27 2.42e+00 -6.46e-02 1.18e-01 -6.37e-02 2.47e+00 -1.73e-01 1.19e-01 -1.75e-01 2.57e+00
0-1, osc. 28 2.30e+00 1.43e-01 4.00e-01 -1.79e-01 2.36e+00 -1.99e-01 1.84e-01 -1.59e-01 2.44e+00
0-1, N 52 2.20e+00 -2.53e-02 2.19e-01 -2.14e-01 2.27e+00 -2.83e-01 1.92e-01 -1.73e-01 2.34e+00
Table 11. EHC, non-periodic fiber (070807fibers 100 10 fine.leS),
contrast 1:50, whole domain (results obtained with accuracy 1e-3 on
sculptor, node quad02)
fibers used. Here, the fibers of 070126Fiber25SVP.leS are thicker than those of
070806fibers 100 25 fine.leS.
(a) Fiber geometry with thicker fibers
(file: 070126Fiber25SVP.leS).
(b) Fiber geometry with thinner fibers
(file: 070806fibers 100 25 fine.leS).
Figure 5. Two different fiber geometries with 25% SVP.
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 81 7.82e+01 -2.40e+00 8.17e-01 -2.39e+00 8.27e+01 -3.67e+00 8.11e-01 -3.68e+00 8.01e+01
0–1, osc. 84 7.10e+01 -2.19e+00 1.09e+00 -2.29e+00 7.62e+01 -2.77e+00 1.34e+00 -3.70e+00 7.40e+01
0–1, N 167 6.59e+01 -2.41e+00 1.11e+00 -2.83e+00 7.09e+01 -3.81e+00 1.78e-01 -3.58e+00 6.80e+01
periodic G 5.71e+01 -2.31e+00 8.70e-01 -2.31e+00 5.59e+01 -2.13e+00 8.70e-01 -2.13e+00 5.63e+01
Table 12. EHC, non-periodic fiber (070126Fiber25SVP.leS), con-
trast 1:1000, whole domain
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BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 21 5.17e+00 -1.08e-01 3.31e-02 -1.08e-01 5.37e+00 -1.66e-01 3.29e-02 -1.67e-01 5.25e+00
0–1, osc. 21 4.85e+00 -9.91e-02 3.83e-02 -1.10e-01 5.07e+00 -1.51e-01 5.19e-02 -1.70e-01 4.97e+00
0-1, N 44 4.74e+00 -1.02e-01 4.52e-02 -1.14e-01 4.94e+00 -1.75e-01 3.47e-02 -1.64e-01 4.83e+00
periodic G 4.54e+00 -1.00e-01 4.00e-02 -1.00e-01 4.63e+00 -1.40e-01 4.00e-02 -1.40e-01 4.57e+00
Table 13. EHC, non-periodic fiber (070126Fiber25SVP.leS), con-
trast 1:50, whole domain
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 119 8.20e+01 -4.51e-01 3.85e+00 -5.73e-01 8.31e+01 -5.56e+00 3.75e+00 -5.53e+00 7.87e+01
0-1, osc. 123 7.56e+01 -9.75e-01 7.74e+00 -4.00e+00 7.62e+01 7.85e+00 8.22e+00 -8.48e+00 7.29e+01
0-1, N 261 6.80e+01 2.74e+00 1.04e+01 4.68e+00 6.99e+01 -8.32e+00 4.10e+00 -1.02e+01 6.59e+01
Table 14. EHC, non-periodic fiber (070807fibers 100 25 fine.leS),
contrast 1:1000, whole domain (results obtained with accuracy 1e-3
on sculptor, node quad02)
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 29 5.34e+00 -2.12e-02 1.75e-01 -2.71e-02 5.40e+00 -2.55e-01 1.69e-01 -2.54e-01 5.19e+00
0-1, osc. 30 5.05e+00 -3.04e-02 3.71e-01 -2.47e-01 5.08e+00 -3.90e-02 3.31e-01 -3.83e-01 4.90e+00
0-1, N 66 4.86e+00 8.96e-02 3.94e-01 1.84e-01 4.93e+00 -3.73e-01 2.75e-01 -4.25e-01 4.72e+00
Table 15. EHC, non-periodic fiber (070807fibers 100 25 fine.leS),
contrast 1:50, whole domain (results obtained with accuracy 1e-3 on
sculptor, node quad02)
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3.3. Solving only in the subspace of the highly conductive material. In
this section we present the results when we solve local flow problems in the solid
volume fraction only and compare them with results for periodic and non-periodic
porous media presented above. Glass and metal are considered as highly conductive
materials.
3.3.1. Periodic foam geometry. Consider the periodic foam from above (Fig. 2) with
8.7 % of solid volume fraction. The results presented in Tab. 16, 17 are quite close
to the results for the whole domain (see Tab. 1, 2).
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 6 4.34e+01 5.73e-02 -2.22e-01 9.01e-02 4.34e+01 1.50e-01 -2.02e-01 1.91e-01 4.47e+01
0–1, osc. 8 4.37e+01 2.52e-01 -5.02e-01 6.38e-02 4.26e+01 -3.68e-02 -3.44e-01 8.72e-02 4.23e+01
0–1, N 9 4.39e+01 1.32e+00 -2.59e-01 1.92e-01 4.23e+01 -4.74e-01 -2.48e-01 -9.51e-02 4.26e+01
Table 16. EHC, periodic foam (A100.les), contrast 1:1000 (8.7 % of
solid), glass
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 4 3.21e+00 3.05e-03 -7.33e-03 3.18e-03 3.21e+00 5.84e-03 -7.29e-03 6.09e-03 3.27e+00
0–1, osc. 4 3.24e+00 7.73e-03 -1.46e-02 5.99e-03 3.17e+00 5.23e-03 -1.13e-02 7.89e-03 3.17e+00
0-1, N 4 3.25e+00 7.36e-03 -7.17e-03 5.16e-03 3.18e+00 7.26e-03 -9.09e-03 5.85e-03 3.18e+00
Table 17. EHC, periodic foam (A100.les), contrast 1:50 (8.7 % of
solid), glass
3.3.2. Periodic fiber geometry. File: fibers 100 10.leS.
The geometry is presented in Fig. 3. The results for the whole domain are given
in Tab. 4, 5, 6, 7.
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 12 8.28e+00 2.87e-01 2.90e-01 -1.43e-01 3.47e+01 -6.18e-01 3.11e-01 -2.52e-01 1.55e+01
0–1, osc. 12 2.59e+00 7.05e-01 3.84e-01 1.31e-01 2.70e+01 -1.05e+00 3.32e-01 -5.82e-01 9.73e+00
0–1, N 14 3.02e+00 7.95e-01 1.48e-01 7.06e-01 2.84e+01 -6.20e-01 6.85e-01 -3.97e-01 9.96e+00
Table 18. EHC, periodic fiber (fibers 100 10.leS), contrast 1:1000
(9.9 % of solid), glass
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 5 2.05e+00 4.01e-02 4.13e-03 4.10e-02 4.20e+00 -5.74e-02 3.41e-03 -5.89e-02 2.66e+00
0–1, osc. 6 1.81e+00 7.62e-02 3.63e-02 4.46e-02 3.96e+00 -6.48e-02 -8.17e-04 -1.00e-01 2.44e+00
0–1, N 7 1.84e+00 5.65e-02 4.70e-03 4.56e-02 4.08e+00 -5.27e-02 6.37e-03 -4.65e-02 2.48e+00
Table 19. EHC, periodic fiber (fibers 100 10.leS), contrast 1:50
(9.9 % of solid), glass
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BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 27 2.08e+01 9.99e-01 -2.75e-01 1.19e+00 9.40e+01 1.97e+00 -9.23e-02 1.97e+00 4.34e+01
0–1, osc. 27 7.47e+00 1.21e+00 -5.88e-01 1.59e+00 7.70e+01 1.49e+00 3.00e-01 1.23e+00 2.84e+01
0–1, N 33 8.07e+00 1.00e+00 -1.96e-01 4.68e-01 8.03e+01 2.02e+00 1.57e-01 2.84e+00 3.10e+01
Table 20. EHC, periodic fiber (fibers 100 25.leS), contrast 1:1000
(9.9 % of solid), glass
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0–1, lin. 10 3.76e+00 4.91e-02 -3.10e-03 4.71e-02 8.95e+00 9.58e-02 -2.84e-03 9.59e-02 5.26e+00
0–1, osc. 11 3.20e+00 6.18e-02 1.12e-03 5.40e-02 8.37e+00 1.00e-01 9.21e-03 7.24e-02 4.70e+00
0–1, N 16 1.84e+00 5.65e-02 4.70e-03 4.56e-02 4.08e+00 -5.27e-02 6.37e-03 -4.65e-02 2.48e+00
Table 21. EHC, periodic fiber (fibers 100 25.leS), contrast 1:50
(24.8 % of solid), glass
3.3.3. Fibrous non-periodic geometry. In this section we consider fibrous non-periodic
geometries with 10 % and 25 % of solid volume fraction (see Fig. 4(a), 5(a)). The
results for the corresponding calculations on the whole domain are given in Tab. 8,
9, 12, 13, respectively. Note, that we also perform a far from detailed analysis con-
cerning the choice of appropriate accuracies, i.e. the stopping criterion. The data
collected with respect to this issue (see Tables 26, 27, 30, and 31) suggests, that
we don’t need to solve with a (very) high accuracy, since the choice of boundary
conditions seems to affect the computed effective thermal conductivity much more
than the required accuracy.
10 % SVP. File: 070126Fiber10SVP.leS

















0–1, lin. D 29.11 -0.54 2.56 -0.55 29.29 -3.05 2.54 -3.04 28.85
0–1, osc. D 27.77 -4.40 -1.60 -3.40 30.94 -8.58 0.50 -6.19 26.27
1–0, N. D 31.38 -1.12 3.63 -5.15 31.21 -3.35 -1.45 0.98 28.01
Table 22. Glass, contrast 1:1000

















0–1, lin. D 28.63 -0.50 2.67 -0.51 28.83 -3.01 2.66 -3.01 28.38
Table 23. Glass, acc = 10−1, contrast 1:1000

















0–1, lin. D 28.56 -0.59 2.61 -0.59 28.73 -3.08 2.61 -3.08 28.31
Table 24. Glass, acc = 10−2, contrast 1:1000
25 % SVP. File: 070126Fiber25SVP.leS
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0–1, lin. D 2.74 -0.02 0.10 -0.02 2.75 -0.12 0.10 -0.12 2.73
0–1, osc. D 2.75 -0.11 0.04 -0.11 2.77 -0.36 0.09 -0.19 2.65
1–0, N. D 2.96 -0.04 0.17 -0.14 3.16 -0.05 -0.06 0.04 3.06
Table 25. Glass, contrast 1:50

















0–1, lin. D 2.51 -0.01 0.14 -0.008 2.52 -0.12 0.14 -0.12 2.50
Table 26. Glass, acc = 10−1, contrast 1:50

















0–1, lin. D 2.49 -0.03 0.12 -0.03 2.50 -0.14 0.12 -0.14 2.48
Table 27. Glass, acc = 10−2, contrast 1:50

















0–1, lin. D 81.48 -3.62 0.73 -3.59 84.11 2.37 0.68 -2.35 79.70
0–1, osc. D 77.19 -16.71 -5.82 4.10 86.84 1.03 8.17 4.17 74.72
Table 28. Glass, contrast 1:1000

















0–1, lin. D 5.87 -0.13 0.01 -0.13 5.96 -0.08 0.01 -0.08 5.81
0–1, osc. D 5.69 -0.65 -0.04 0.07 6.21 -0.06 0.31 0.16 5.62
Table 29. Glass, contrast 1:50

















0–1, lin. D 5.29 -0.11 0.08 -0.11 5.41 -0.05 0.08 -0.06 5.22
Table 30. Glass as initial guess (acc = 10−1), contrast 1:50

















0–1, lin. D 5.25 -0.16 0.03 -0.16 5.36 -0.10 0.03 -0.10 5.17
Table 31. Glass as initial guess (acc = 10−2), contrast 1:50
3.3.4. Non-periodic Fiber geometry. For completeness, we now give the effective con-
ductivities obtained by solving in the highly conductive parts for the non-periodic
fiber geometries with thin fibers (see Figures 4(b) (file: 070806fibers 100 10 fine.leS)
and 5(b) (file: 070806fibers 100 25 fine.leS)).
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BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 54 2.70e+01 -1.26e+00 2.68e+00 -1.21e+00 2.82e+01 -3.55e+00 2.59e+00 -3.64e+00 3.03e+01
0-1, osc. 68 2.42e+01 6.64e+00 1.41e+01 -4.42e+00 2.55e+01 -5.04e+00 4.23e+00 -3.27e+00 2.71e+01
Table 32. EHC, non-periodic fiber (070807fibers 100 10 fine.leS),
contrast 1:1000, glass only (corresponding to Table 10) (results ob-
tained with accuracy 1e-4 on sculptor, node quad02)
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 53 2.35e+00 -6.06e-02 1.28e-01 -5.85e-02 2.41e+00 -1.71e-01 1.25e-01 -1.75e-01 2.51e+00
0-1, osc. 46 2.23e+00 1.52e-01 4.17e-01 -1.73e-01 2.30e+00 -1.97e-01 1.91e-01 -1.61e-01 2.38e+00
Table 33. EHC, non-periodic fiber (070807fibers 100 10 fine.leS),
contrast 1:50, glass only (corresponding to Table 11) (results obtained
with accuracy 1e-4 on sculptor, node quad02)
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 112 8.21e+01 -2.46e-01 4.07e+00 -2.86e-01 8.31e+01 -5.33e+00 4.01e+00 -5.38e+00 7.86e+01
0-1, osc. 112 7.50e+01 -7.71e-01 7.90e+00 -3.77e+00 7.55e+01 8.03e+00 8.48e+00 -8.32e+00 7.22e+01
Table 34. EHC, non-periodic fiber (070807fibers 100 25 fine.leS),
contrast 1:1000, glass only (corresponding to Table 14) (results ob-
tained with accuracy 1e-4 on sculptor, node quad02)
BCs time k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 128 5.15e+00 -1.18e-02 1.95e-01 -1.40e-02 5.20e+00 -2.56e-01 1.92e-01 -2.59e-01 4.99e+00
0-1, osc. 100 4.84e+00 -1.94e-02 4.00e-01 -2.44e-01 4.87e+00 -2.95e-02 3.55e-01 -3.94e-01 4.69e+00
Table 35. EHC, non-periodic fiber (070807fibers 100 25 fine.leS),
contrast 1:50, glass only (corresponding to Table 15) (results obtained
with accuracy 1e-4 on sculptor, node quad02)
3.4. Discuss the size of the REV. Effective conductivity tensors, calculated in
the full and in reduced domains (90% of full domains), are presented and discussed.

















90 % lin. 2.43 0.05 0.12 0.05 2.55 -0.15 0.12 -0.15 2.48
100 % lin. 2.49 -0.03 0.12 -0.03 2.50 -0.14 0.12 -0.14 2.48
Table 36. Effective permeability for 070126fiber10svp.les, contrast1:50

















90 % lin. 5.37 -0.22 0.01 -0.22 5.51 -0.09 0.01 -0.09 5.25
100 % lin. 5.25 -0.17 0.03 -0.17 5.37 -0.12 0.03 -0.12 5.17
Table 37. Effective permeability for 070126fiber25svp.les, contrast1:50
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3.5. Results based on using conductivity tensors, obtained from solving
cell problems in subdomains. Different formulations for the subdomain cell
problems are considered and comparisons with solutions obtained in the full do-
mains are presented. The last section is devoted to conclusions.
Here is the effective permeability tensor for example 070126fiber25svp.les (contrast
1:1000) when we consider 8 subdomains. First, we find the effective permeability
in each subdomain, then solve the coarse grid equation with full tensors on 83 and
203 grids, respectively, and then find the effective permeability tensor for the entire
domain under consideration.
Note, that the number of coarse grid points doesn’t influence the results very
much. Here are the results for the example with 8 subdomains, when the effective

















83 lin. 85.26 -3.86 1.43 -3.48 88.01 -2.03 0.29 -2.24 83.53
203 lin. 85.33 -3.57 1.02 -3.42 88.03 -2.21 0.56 -2.29 83.58
whole domain lin. 80.09 -3.68 0.81 -3.67 82.69 -2.39 0.82 -2.40 78.23
Table 38. Effective permeability for 070126fiber25svp.les, 8 subdo-
mains, contrast1:1000
permeability in each subdomain is calculated by Geodict.

















subdomains lin. 46.44 -1.51 -0.04 -1.36 50.02 -3.42 -0.06 -3.01 48.30
whole domain lin. 57.08 -2.31 0.87 -2.31 55.93 -2.13 0.87 -2.13 56.31
Table 39. Effective permeability for 070126fiber25svp.les, contrast1:1000
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Coarse grid blocks BCs k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
whole domain G 6.70e+01 -8.34e-02 -2.14e-02 -8.34e-02 8.66e+01 -4.18e-01 -2.14e-02 -4.18e-01 9.65e+01
whole domain lin. 6.79e+01 -2.75e-01 -3.57e-01 -1.20e-01 8.75e+01 -7.55e-01 -5.68e-02 -6.14e-01 9.73e+01
23 lin. 6.80e+01 -2.54e-01 4.75e-02 -2.54e-01 8.23e+01 -1.54e-01 4.58e-02 -1.54e-01 9.44e+01
Table 40. EHC, periodic foam (balls211neu cube y15z20 steg000 n100 inv.leS),
contrast 1:1000, 2 step procedure
BCs Time (s) k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 29 4.77e-02 -7.09e-04 1.62e-04 -7.09e-04 7.36e-02 5.31e-04 1.62e-04 5.31e-04 3.78e-02
0-1, osc. 30 4.30e-02 -4.32e-04 1.45e-04 -9.21e-04 6.73e-02 6.77e-04 2.87e-04 9.05e-04 3.30e-02
0-1, N 50 4.16e-02 -2.62e-04 2.13e-06 -1.13e-04 6.58e-02 4.48e-04 9.26e-05 5.11e-04 3.28e-02
Table 41. EHC, periodic fiber (fiber 100 10.leS), contrast 0.026:1,
acc = 10−6
BCs Time (s) k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 375 5.31e-02 1.74e-03 4.25e-04 1.74e-03 7.03e-02 4.41e-04 4.25e-04 4.41e-04 3.76e-02
0-1, osc. 365 4.71e-02 2.35e-03 4.39e-04 1.86e-03 6.34e-02 4.04e-04 4.25e-04 5.13e-04 3.30e-02
0-1, N 826 4.53e-02 1.79e-03 3.25e-04 1.65e-03 6.17e-02 3.70e-04 3.31e-04 3.99e-04 3.28e-02
Table 42. EHC, periodic fiber (fiber 200 10.leS), contrast 0.026:1,
acc = 10−6
BCs Time (s) k∗xx k∗xy k∗xz k∗yx k∗yy k∗yz k∗zx k∗zy k∗zz
0-1, lin. 3533 5.40e-02 -1.64e-03 4.25e-04 -1.64e-03 8.17e-02 1.37e-03 4.37e-04 1.38e-03 4.33e-02
0-1, osc. 3225 4.48e-02 -1.36e-03 2.11e-04 -1.36e-03 7.31e-02 2.25e-04 2.16e-04 2.27e-04 3.31e-02
Table 43. EHC, periodic fiber (fiber 400 10.leS), contrast 0.026:1,
acc = 10−6, subdomains 23
4. Conclusions
The results from numerical experiments allow to draw several conclusions:
(1) All four variants of boundary conditions for the cell problems give (almost)
the same results, when a periodic REV with well connected inclusions is
considered. In this way, simulations with different boundary conditions allow
to check if a given volume is an REV (different methods give the same results
for an REV).
(2) In this respect it is useful to note, that the differences between effective
thermal conductivities computed with different sets of boundary conditions
is often larger than the differences due to using lower accuracies as stopping
criterions. This means that the significant digits of an effective thermal
conductivity tensor can often be computed using a relatively low accuracy
resulting in a shorter runtime of the program.
(3) In the case when the inclusions (fibers) do not touch, the results are not
reliable, which suggests, that in these cases the considered geometries are
not REVs.
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(4) A reasonable approach to check if a volume is an REV, is to calculate the
effective conductivity for a subvolume (e.g., 90% of the original volume). If
the results are (nearly) the same, they are more trustable.
(5) Numerical results show that in the case of connected highly conductive in-
clusions, the approach for solving only in the inclusions, and taking linear
temperature distribution in the air, is reliable. In a forthcoming paper we
will give a theoretical justification for this approach.
(6) The approach for a consecutive upscaling also can give good results. However,
it should be carefully used, because is is not based on rigorous justifications.
In general, it should be successful if we have several scales of heterogeneities,
and the subdomains themselves are REVs at one heterogeneity scale, while
the ensemble of subdomains constitutes an REV at another heterogeneity
scale.
(7) The last two approaches, i.e. solving only in the highly conductive material,
and the consecutive upscaling, allow to significantly reduce the computa-
tional time.
(8) In the case of high contrast (big ratio between conductivity of the materials),
the usage of different boundary conditions leads to the appearance of different
boundary and internal layers. In this case it is difficult to judge which method
is more trustable. Further investigations are needed in order to provide some
recommendations for the practical computations.
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